Currently, progressive censoring is intensively investigated by several researchers due to its ability to remove subjects from the experiment before the final termination point, thus saving time and cost. The closed form of marginal density of failure times under progressive type II censoring is essential to study the properties of statistical analysis under different censoring schemes. In this paper, we provide a different presentation of the marginal distribution under progressive type-II censoring and we derive closed forms for different special cases. In order to study the similarity/dissimilarity of marginal densities of order statistics for failure times, the overlap measure is used. We discovered that the overlap measure depends only on the effective size m. A numerical example based on a real life data regarding failure times of aircrafts' windshields is provided to quantify the amount of redundant information provided by the order statistics of the failure times under different progressive type-II schemes based on the overlap measure. Moreover, this data set is used as a pilot study to estimate the effective size m needed for future studies.
Introduction
Customer satisfaction has been a main interest for manufacturers to produce reliable products. For their products to remain desired and thus profitable, they are motivated to develop high quality and long life products. This requires having knowledge about products failure time distributions which is achieved by performing life testing experiments on products before being released into the markets.
As a result of some constraints such as the lack of funds and/or time limits, samples of life testing experiments are sometimes terminated before the failure of all items under consideration. Such samples are called censored samples.
Two common types of censoring schemes are type I and type II censoring. In type I, the test is terminated at a predetermined time, whereas in type II, the test is terminated at a predetermined number of failures. In both types however, the removal of active units during the experiment is prohibited.
It may be desired in some cases to remove items being tested before their predetermined termination points whether intentionally or unintentionally in order to reduce the cost of the experiment and the time consumed. An example, is the study of weariness of units where these units are required to be completely worn or disintegrated at different stages of the experiment during their actual aging process which is quite time consuming. Another example, is the early removal of some surviving units in the experiment in order to use them in other tests for the purpose of minimizing the cost of the experiment.
This leads to the practice of Progressively Type II (PTII) censoring which is considered by many experimenters as an effective approach of minimizing the cost and the time consumed. Moreover, it contains the ordinary order statistics (OS) and type II censoring as special cases which makes it largely desired and used in experimental design.
Considerable attention has been directed towards the properties of progressive censoring. Part of it is due to the availability of the high-speed computing resources which makes it feasible for simulation studies as well as a practical method of gathering lifetime data for both researchers and practitioners (Viveros & Balakrishnan [1] ). There has been a vast number of discussions on progressive censoring and its applications; interested readers may refer to the books by Balakrishnan & Aggarwala [2] and Balakrishnan & Cramer [3] for recent reviews and discussions of the need for this type of censoring.
Under this type of censoring, n independent items are placed at the same time In general, the order statistics that is produced by PTII censoring provides more information about the underlying distribution than simple random samples (SRS) since their densities span over the whole range of the underlying distribution (see Figure 1 ).
However, different censoring schemes may provide different amount of information in PTII censoring due to progressively selected out different sets of ( ) [4] ), and in a comparison of income distributed by race (Weitzman, [5] ). The OVL measure ( ∆ ) was originally introduced by Weitzman [5] . One application of ∆ , was given by Ichikawa [6] , who used ∆ to estimate the lowest upper bound of the failure in the stress-strength model in reliability analysis. Federer et al., [7] used ∆ to estimate the proportion of genetic deviations in segregating populations. Moreover, Sneath [8] used ∆ as a measure of clusters distinctions. Additional references of such methodology applications in ecology and other fields can be found in Mulekar and Mishra ( [9] and [10] ).
In this paper, we provide another presentation of the general form of the marginal density for the rth failure time based on PTII censoring which is more convenient to be used for deriving special cases of PTII censoring schemes such 
On the Marginal Distributions Based on PTII
Under the PTII censoring for life-testing, suppose that , ,
where, 
where,
In this paper, we introduce another representation of the marginal density in (2) that can be derived from the joint density in (1) using repetitive integrals as follows:
: :
Special Cases
Using the new representation in (3), it is convenient to derive the following special cases. 
and hence, 
Note that, Equation (5) 
and hence
Note that Equation (7) is basically the pdf of the rth order statistic from a sample of size n.
To study the similarity/dissimilarity of marginal distributions of the order statistics for failure times, the OVL ( ) ∆ measure is derived and numerated for different PTII schemes to quantify the amount of information provided by the order statistics of the failure times under different schemes.
Similarity Properties of Marginal pdfs

Based on PTII Censoring
Investigating the similarities/disemilarities among densities of order statistics based on PTII is important for investigators in order to select the less costly censoring scheme with higher amount of information that this scheme provides about the underlying distribution and its parameters. 
Similarity Structure between Two Consecutive Statistics from PTII Censoring
Using (2 or 
Thus, 
With some algebraic manipulations using Equation (2) or (3) Notice that ∆ is free of the underlying distribution.
Special Cases Case 1: Ordinary order statistics (OS).
Using Al-Saleh [13] , when m n = 
Illustrations Based on Simulated and Real Life Data Examples
In this section, and in order to quantify the amount of information provided by OVL for different PTII censoring schemes given in Sections 3.1 & 3.2, we provide a numerical as well as a real life data examples based on failure times of aircrafts' windshields.
Example 1: The OVL for consecutive order statistics for different schemes using the general definition in Section (3.1). Table 1 shows that the discrimination measured using ( ) The ∆ for OS increases as the actual sample size, n, increases. Moreover, while increasing the ratio m n has no effect on the cases when censoring occurs at the time of the last failure (see schemes 2, 6 and 10), it has great effects on the remaining cases ( schemes 3, 4, 7, 8, 11 and 12) where ∆ decreases as the ratio m n increases.
Example 2: (Real life data)
The data set for this application is given by Blischke and Murthy [15] , and Table 1 . Overlapping between two consecutive order statistics from PTII censoring. Moreover, we can also express the similarity/disimilarity between the two extremes using ( )
Since the value of ∆ is a function of m only, this enables us to estimate the effective size m for any future studies using a pilot study. For Example, we can use the data in Table 3 as a pilot study to create two clusters based on their failure times: one for low quality windshields and one for high quality windshields. The new data sets are presented in Table 4 .
The fit of a Weibull model for the two data sets is checked using Kolmogrov- . Clearly, it shows that the smallest redundancy of information occurs between the densities of the extreme order statistics ( ) 1, 6 . In addition, it shows that densities 1 6 f f − span over the whole range of the original density. In our example we choose the Weibull distribution but it can be any other distribution since ( )
is free of parameters.
Final Remarks and Conclusions
In the past few years, progressive censoring has received a great attention by many researchers. This is due to its advantages in reducing the cost and time of the life testing. Moreover, the availability of high speed computing resources enhances the focus on progressive censoring. In this article, we introduced a new form of the marginal distributions of the order statistics under PTII censoring.
In addition, we used these new forms to derive the three special cases, namely: ordinary order statistics, equi-balanced and type II censoring schemes. We derived a closed form of the OVL coefficient for any two order statistics based on PTII censoring using the presented marginal distributions in Sec. 3.2. Moreover, we found that the OVL coefficient was independent of the parent distribution and depended only on the effective size "m" which enabled us to estimate the effective size m for any future studies instead of randomly picked m.
